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HYPERGEOMETRIC FUNCTION

14.1. Pochhammer symbol. Definition.
Let nbe a positive integer. Then Pochhammer symbol
(), a(a+1)..(a+tn- 1)
with @) = 1
Deductions. By definition, we have

is denoted and defined by

i

123...(a - Da(a + 1)...(a +n— )]
e O et Deina == 23 .(@-1)

_ Na+n =(p-D(p=1)
s asT(p)=(p-1

_ Thus, (@), = 5‘%’(-&’5)-"—’ RON
II. (@),+ = afa+ o+ 2).[a+(r+1)-1]
= af(a+ 1)(a+2).(a+t]l+n- )] =a(a+1),
Thus, (@),,, = a(@+1), .(4)

afa+1)..(a+n-1)a+ n)

= a(a+1.(a+n-1)a+tnt+tl- 1)=(a),+4
Thus, (a+n)(@), = (@), .-(5)
14.2. General hypergeometric function. Definition.

L. (a+n)a),

The general hypergeometric function is denoted and defined by
S (al)r(QZ)r"'(am)r i

m n(Ct1s Ogpes 0y 3 By By By 3 ) = 2 B, B,),-B,), - D

r=1
The general hypergeometric function is also denoted by

0, 0, 0y 5|
,,,E.[ Bis By-r-By 5 x] i)
Remark. We shall consider only two special cases of (1) in the present

Chapter. These are given in the following two articles form=n=1andm=2,
n = 1 respectively. : '

14.3. Confluent hypergeometric (or Kummer) function. Definition.
Confluent hypergeometric function is denoted by ,F,(a; B; x) or
F(a; B; x) or M(a, B, x) and is defined by

o = 3@ X
F‘Q, B,X) - P_ZO?E)T% ) | (1)
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Remark. Sometimes we use the following modified definition of ¢,
confluent hyper"eomemc function e
et = _a(@+l) N
B0 1P TZpp ()

14.4. Hypergeometric funcuon Definition. [Meerut 88, 90)
Hypergeometric function is denoted by ,F'(a; B; y; x) or simply
A, B;v;x)and is defined by
= (@),B), x"
ialilo Z W, ()
Remark 1. The series on lhe R.H.S. of (1) is
= 1428 0@+ DRE+])
Ly Tyt te -0
In particular, ifa=1,B=7, then lhe Senes (2) takes the form
l1+x+x*+ ©+.
which is a geometric series. Since (2) reduces to a geomelnc series as a par-
ticular case, (2) is called hypergeometric series.
Remark 2. Sometimes we use the following modified definition of the

h_)'pagaomcxricserics.
Aa,pirnx) =
a.B ;+a(a+l) [S(BH);; Laa+D@+2). B(ﬁ+|)(B+2)x
T+ 2 raepg+n @
Remark 3. Hypergeometric function F(a, B; c; x) can be put in the fol-
lowing different forms :
AB.bicx) = (1-x) ° "Flc-a,c-b;c;x) (4
- - 5 by X
(I-x) f{a,c b,r:,—x_ IJ ..(5)
= (1-)°F P |
=(1-x) l(b,c ”‘”’;-1)‘ ..{6)

14.5. Gauss’s hypergeometric equation or Gauss’s equation or hy-
pergeometric equation. Definition.
ol - ) (dy 1 de’) + by ~ (@ + B+ )}(dy/ dx) - afy =0
is called hypergeometnc equation.
14.6. Solution of the bypergeomelric eqution.
Proof. Refes solved Ex. 7 of An. 8.6 of chapter B for solution.
14.7. Symmetric property of hypergeometric function.
Hypergeometric function docs not change if the paramelers a and flare
interchanged, keeping yfixed. Thus, Fla, 7, x) = F(, 0,7, %)
Prool. We have, by definition

l
g
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(@), (),
Fla,B;v:x) = Z & ’: , )
) X
and FB,a;73%) = Z(pzy(;l _rT' ‘ -(2)
From (1) and (2), we have F(a., B ¥, x) =B, & 13 %)-

14.8. Differentiation of hypergeometric functions.
Show that —F(u,ﬂ Y; %) ——iF(a +LB+Ly+Lx)
and deduce that
0 Loropinn) = BB panp ety 452
n

@ [ m] - @0,
x=0
@,®),

(8
Proof. By definition, we have F(a, B;¥; X) = Z @t

Differentiating both sides w.r.L ‘x’, we have

d o D@L, @,0), -
el ol Z Wt ’Zm e
(~+ the term with r = 0 vanishes)

o (D s 1B st m
LWt
(taking m as the new variable of summation such that r=m+ 1 i.e.

m=r-1sothat whenr=1,m=0,and r=ow, m=w)
_ z:oz(u+l),,,,,,[l([3+l)m m

Yq A0, m ,by Art. 14.1

m=0

_ap @+, @B+, , op : .
= z e = Fa+LB+ky+Lx),

m=0
)
4 : d o
f 0 Lpapyn = —TB-F(uH.BH'.Y +Lx). 1)
Deduction. (i) For each positive integer, we must show that

4 v < @0,
d‘,.F(u,ﬂ.Y.x) -

) ——Fa+nPf+ny+mx) .{2)

Since a = (a),,p= (.[3)| and y = (y),, (1) shows that (2) is true forn = 1.
We now assume that (2) is true for a particular value of n (say n=m) so that



r- o\ S A - -

Hypergeometric Fypn: | a9
e . ' Hypergeometric Function
A Fa,fiyix) = DuBln 1411, 4. Y +m;x). 3 ‘ [
dl’m ) | ) r(-y) J D I(l l)Y p-1 Z(a) p t
lefercnrialing both sides Of(3)“’ r.L‘x' wepget ﬁm ‘o0 ’
(@) d . ‘
F(“ Brin = =m g FatmBrmy 1+ m ) r(y) J A=yt di A1)
_ (@), (Bl (0 + m)(B+m) ' ~Tere =P onof (1 = xt)™°
o W[’(u+m+l B+maLy+mas k) [ “the general term in the expansion 0 (
[using (1) for o+, B+ m,y + miin place of a, ,y Tespectively) g_—a_)g_—_u__ll_(:‘;'lﬂl( xt)"

(a)m +I(B)m+|

F ;
D1 (u+m+"B+’"+lv‘l+m+l;x)

. :’:,:I, Fa,Biy;x) = gyl,).(ﬁi_"_'_‘l x (=1)"x""
»

= (-1’
! i _._ . 141
| where we have used relation (3) of Art. 14.1. (4) shows that (2) is true (f:: =(a), b)’ Al }
ik 1., Thus if(2) bs tue for w=m, then (2) is also trug 5 = + 1. Hence b : T - B) rera-»p
/ mathematical induction, (2) is true for each positive i integer, v Since BB, y-B) = ___l‘([i TT=P) —_[ﬂ)—"
Deduction (if). Putting x =0 in (2), we have i 17 -
Y
. @,B), B Wl g
[dxn , X)Lo o), 0Pt np+my 4 o) | @)y -p) B,y - B

Using (2), (1) may be re-writien as

S G, i} @, ‘ Fla, b5 = gy 00 A e )
= W [,=o (v +n), ! - = Tﬂn Thus (1) and (3) are the required results.
14.9. Integral representation for the hypergeometric function ‘ 14.10. Gauss Theorem. [Kanpur 91]
I( ! p- -p- { oy o INTG-B-a)
Fa, 10 = F(B)_F(%jo PP g » F@B% ) = Ry —a) Ty =)
1 1 pot i Proof. From An. 14.9, for x = 1 we have
L = = =P= o —a ;
or  Fla,B;y;x) BBy - ﬁ)J.o’ (1-1) (I=xt)drify>p>0, Flou Py 1) = T'() j P10 - )T-D'l(l R
Proof. By definition, we have 1 r®ra -p .
® (a)"(B)” < & rG+n) T() o ] =ij‘"p_|(l_’)~,—[}-u—ld{= I'(y) B y-p-a)
Rafitd= 2= 27 = ¥ (@), —rot s X by an 14 IO B b TG -P) TE+7 -B-)
- an ) " I® +n)y - B) ( e ta- o =i q)-‘}‘{,’,’i‘m
_ x"
T - BI'(B)Z( W@ nry-p) Al | _ITa-B-a)
[Multiplying and dividing by I'(y - B)] ¢ [y -0 Iy - B)
F(y " 1 R, ] 14.11. Vandermonde’s theorem.
" TOro-p 2 Z(‘” {j ik "’]“n"s | @ -8,
| Fen i) = =5
[whercy B>0,|3+n>0501ha1y>[3>0' ! n

| Proof. From Art. 14.10, with @ =-n, we have
I [ g-1 ] ': T(y)T

Also, =B(p.gy=| "=yt Fl- = Iy =B+n)
Forg) = 20" o) = D
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_ oo =B+n-D =B+n-2)..¢y - B)r(y -B) i !
(v + =1 +n=2)..y[(y)(y - p)
~a=Bn-D0-B+n-2).0-p _(-p
@ +a=-D@+n-2)..y m, At

14.12. Kummer’s theorem,

Ra,pip-a+l;-1) = TB=a+rp/, )
T@+yr@e2 g3y

Proof. From Art. l49 withx = -landy= B-a+ )

Fa, B;p-a+15-1) 1, we get
rg-a+l) ' p-1 cas

T -oa+1- p)j’ - '"D"(l_,)-ud’

rB-a+1) M=

F(B)l‘(l-a)f -

_IB-a+1)

T Pra-

lAgra 199

f(uln)ﬂ (B e (dU/ZJ,T)

(pumng A=y so that dr = du/2:/u)

l -a=- l i r(ﬁ
du = a+
Tt 00—
("fl

F(B/Z +1- q)
~9)"™ = B(p, )= EML]
=I@-a+1).(B/2).I'B/2) ¢
T@/2+1-a)pr@) " ™ltiplying ¥ and Dby g
_T@-a+)TE/2+1)
FB/2+1-a)TR+1)
14.13. More about the confluent hypergeometri i
tion of confluent hypergeometric equation ¥y fuflcuon Adsgly-
The hypergeometric differential equation is i

If

B-a+l)
L@ - f el -y

@' =x)" +[(1+a+ Bl -yl +apy = 0, (1
Replacing x by x/p in (1), we get
~Llp gy [T BEL L o) o
r( S}‘ {7 ( YRy =0 (2)
Its solution is represented by the function F(a, B ;7; x/B)
When B — =, the equation (2) reduces to ‘
B Hy-xy -ay =0 -(3)
whose soluti.1 is given by Lim F(a, By ,%) ..(4)
- |

The equation (3) is known as the confluent hypergeometric di ifferential |
equation or Kummer's equation. |

O c‘°\ p N
Ot A e [F=XTTER
T.\-r TORED BENRRL) ) ST

M a0

S emen sl

Hypergeometric Function

T e

B.p..rtimes
|)"l

}\‘-‘a‘g [] p-r0

el

Hence solution (4) may be written as
(@), B),
lel‘(u.BY. ) = k_‘.’:z @), ( )

(u) @, ®, @, r - Py x). (5)
ey Z"(vrx

The funcllon F(a; y; x) is called the confluent hypergeometric Jinction.
Solution of this differential equation may also be obtained dircetly by the
we find thatx =0 is

scries integration method. Considering the equation (3),
aremovable (non-essential) singularity and so the serics representing the solu-
tion can be developed about the point x = 0.

Solution of the confluent hypergeometric differential e
x=0and yis not an integer.

Let us consider the solution of the hypergeometric differential equation

(3) in the ascending powers of x as

Now,

quation when

y=x (”o +ax+ "r‘ +.)= ’goaox ,a,#0. ..(6)
3 kered
y = Xalk+ At andyr = Za,(k +Ak+r=net
r=0 =5
Now putting the values of y, 3’ and y" in (3) we get

xZa(lH»r)(ln-r Dty - x)za,(kw)r“’ ‘-uza,r

r=0 re0

=0
r=0

or z [k + )k +r =D +y(k+ R '->:[a<k+r)+uh*"=0 A7)

whlch is an identity and so coefficicnts of various powers of x must be zero.
Equating the coefficients of %! (lowest powers of x) to zero, we get
aglk(k=1)+yk] =0 or kk-1)+yk=0asay# 0.
Hence k=0 and k= 1 — y are the roots of the indical equation.
Now equation to zero the coefTicients of. L we get
[(k+i+ V)(k+ i)+ y(k+i+ Da;,, = [(k+i+a)]a;=0.
o EFD G (8
(+i+k+i+y) -

Case I. When k=0. Then (8) gives

v
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(i and (iv) Procesd like part (i) above, Clion
() We have, by definition

3
N U B B uyl )‘!4 %

LA IR TR
Rv:pl,mm. @, Bovoxby L L 2 and —x respectively iy (l) we g
» We get

e T S0 122y (p
Multiplying both sides oflhc nbow t‘qumo“ iy \2\3 4 +..
e get

(1)

-

x} 4

£, 1;2;=-x)= \——-+—_‘_ i
xR\( ) 2 773 4+‘“d‘m£=log(l+

() and (vii) Proceed like part (v) aboye x).

(viii) We have, by definition

Flafiyin) = 14 SRE a@rppay o
e ; Yy +1 (1
lR:plam s b)qm' s 3,2 and 5 “’bpculzrcly lnz('l) we ¥
R o
’(55 7)1 SBED L w0y
113 .3, 2 X 2.3 S (312)(5/2) Tt
Flaraigs _"'*‘l-—!+l‘.3'.5—+| 3352 _—
(ix) We have, by definition Ut =sin
Ao, Biyix) = ‘B% @+ DR+ 22
: Y Yy +1)  gr T ()
Replacing o, B, yandxby 112, 1, 3/2 and 2 respectively in (1), we ha
y ve
1,.3. 2) L1 (=2
12 -x (/2)(3/2)12 (-x?)?
272 e T W%F,%#x
2
F( X ) ==X ..@

3 2
_"‘2 ")

+..0=tn”! x.
Ex. 2. Show that if | x|< 1 and | x/(1

=x)|< 1, then

@ Birin) = (=0 2A{ar-piyiL)

- Fa,B;y:x) = (I-x)™ F[a’Y_B;Y;l—TXX]-

Sol. By integral representation for the hypergeometric function (refer

Art. 14.9), we have
1 4 e 4
20,8375 = s [ 7= P -

Putting =1 —rso thatdf = -du and 1 =

or

(1)
1 -u,(l)gives
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Hypergeometric Function
FraBiyix

CRrpre = — BN T8 B O 0 PTO &g
- T®I(y —ﬁ)r(‘ Uy (1= x + xu)™ (-du)
___To)

_ =0T

Replacing B and x by y - p and x/(x — 1) in (1), we get

zF(u.v IM.X ,)

- T

Using (3), (2) reduces to

Ex.3. Prove: P,(x)=,

...\DTP-A: \F\MF&QA o

o [(—n"m.—(—\)"ES’L“‘(\-::M—\)"
n! 2 1

o T

@)

-
} du
X

-
X u} du.
-1

T S ""“{ -

[ I N O G S I )
T L B {‘ x

'y
T Ta-pr -0 - ﬂ)]

o-b- l(\ oo —tr-m- ‘{1_
—-a
‘u} du.

vy e X
FienBiyix) = -7 R %Y‘B’Y-x_\}

1-x
F‘(—n,n+1;1, 3 )

-a
}d.
1

-(3)

X -

W =By NB-1 X
T - a)r(mj gau { x-

Sol. P,x) = T -E(x -1)", by Rodrigue’s formula
_ Y g _ 1) d" n L+ x)"
s 08 {0 ) R e

(_n]') an[(l ){ l-zx}n‘x
2 o) )

[By the binomial theorem}
- d" N ’l(ﬂ n+1
PR K(\ x) 2(1 x) o1 22 (1 x) ‘X

o \).(n+2)u )zhx

22 |
- dn _ m _W\ R m! s m-n :
K. o =(-1'b .(m_")!(a bx) \




A GG i o s e
e Bz

_(_122”["! g(L‘_tQ,,l(] x)+ )(n+2)(n+l)nva x)z ]

(—n)(n+l) 1-x (—")(—ﬂ+l)(n+l)(n+2) T
Lt ( ) 212! ( 7 )+

l1-x 53
- 2[,;(_,,, n+l;l ;_2—), by definition. ‘
Ex. 4. Show that P,(cos 6) = cos GZF(‘— 43 : -1 1 -tanze

Sol. From Laplace’s first integral for P, (x), (Refer Art.9.6inc

4 hapterg
Px) = -lf [xi‘/xz—l cos ¢]" d¢. ()'
(1)
Let x =cos 0. Then, wehave‘/x\_ w3 .
these values and taking positive sign in (1), WCW =1isin 6. With
P (cos6) = 7‘{--‘; (cosB+:sm9cos¢)n db
. _cos"@
d P (cosB) = —j(1+,m9cos¢)nd¢
cos 0
; r{1+ltanecos¢+”(” D2 tan’ @ cos? ¢ }
tegdg

(by th
cos” O (= n(n-1) ¥ the binomial theorem)
= Id¢+0+ i? tan? 9 a2,
: 2f" s ¢d¢)+o

T
LA =Nn=2)n-3).
)
2 i f2a-x)=- f(x)
[. [fx)dx = {2L @) dx, if f2a-x)= f(«r)]
_ cos"0 An=1)
[ - tan? 8 x 2 x

x X
N 2
M= =2m-3) 2. 3|
K tan” § x Xgx 5x25+...]

) e{ ( 532.1
__ __HX —xx

~|...

"__]) (—tanze)

|

2!
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= cos" 0 I‘(--— —-—i—l- 1;tan’ G),‘bydcﬁnillan.

EXERCISES

1. Show that \F,(;7;0) = pim, il piyix/P),

2. Show that

ra+p-ayr(i+p/ 2) 1nd deduco that

f 3 B r+p-arii+P/ 4

Filepip-atli-l) = Ta+P)r(i+p/2-a)
r(,y/z)r(y/2+l/2)

r(a/2+y/2)r(l/2 “al2+7/2)

File 1-a;y;12) =
[Meerut 1986)

= 0 2
3. . Evaluate the integral Ie‘”lﬁ(a;ﬂ s x)dx. [Ans. (1/s);F)(e 13 pis)

[Hint. Usc Art. 14, 15]
4. Prove that F(a, B+ 1;y+1;x)=Fla, B3y x)
= ug f))xF(a LB+ 1y +2;%). [Mecrut 1988]
Y
5, The complete elliptic integral of the fi first kind is

n/2 m | 5
Showl.hatK=— 2 LK

e ‘!;}(l k% sin 0)

6. The complctc elliptic integral of the second kind is

E= (l-k’sin $)dd . Show that E= 2. -—,l:l:/‘-’2 k<L
2 22

0
7. Prove the following relations :

O Fla-1,p-1;7;)-F,p-1;yix)= (l—yw Fa,Biy+1;%)

(i) aF@+1,B;57;0- (- DA Biy=130=(@+1-DFpB;v;).
8. Prove that F(a, B; 7; 1/2) = 2 F(a, Y= B3 v5 1)
9. Show that () €' - 1 =xF(1;2;x). (if) (1 +xla)e' =F(a+1;a;x).
10. The incomplete Gamma function is defined by the cquation
(o, x) = Ke-'tu-' dt,a>0.
Prove that Youx) = a % Fla;a+1;-x).
11. Prove that following relations :
()PF(a; P x)=PFla-1;p;x)+xFla;p+1;x)
(i) aFa+1;P;x)-B-DFa;B-1;x)=(-p+DAa;p;x)

12. Prove the following relations :

Syix) - cyo:x)= —9Bx . :
(i) Fla,P;v;x)=Fa,B;y-1;x) Y(y_l)F(a+Lﬂ+l.‘{+l.x‘Z‘€

(i) Fla+y;x)-Fa;yix)=(x/y)F@+Ly+1;x).



