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. § 112.6. CLASSIFICATION OF INVENTORY MODE

. . : sories.
The inventory problems (models) may be classified into two catego

it} Deterministic inventory models

These are the inventory models in which demand is assumed to be known constant or "al'iables

iependent on time, stock-level, selling price of the item

, etc.). Here, we shall consider determinjst,

inventory models for known constant demand. Such mo

dels are usually referred to ag Economic Iot
size models or Ec_onomic Order Quantity (EOQ) models. -
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b abflfsﬁc inventory models

ji) : i i

{ ¢ the inventory models in which the demand is a random variable havin
the future demand is determined by collecting data from the past experience:

g a known probability

T
The Here,

disuibutif'“'
2 it 61 eterministic inventory models
different types of models under this category, namely

Ther®
(a). Purchasing inventory model with no shortage
(b) Manufacturing inventory model with no shortage
(©) Purchasing inventory model with shortages
(d) Manufacturing model with shortages
(e) Multi-item inventory model

(f) Price break inventory model

0 g1l Pu asing inventory model with no shortage (Model—l)
|

per cycle of a single

(o this model, we want 10 derive the formula for the optimum order quantity
to minimize the total average cost under the following assumptions and notations:
ate D units of quantity per

pmduct so as
unit time.

(i) Demand is deterministic and uniform atar
(ii) Production is instantaneous (i.e., production rate is infinite).
(iit) Shortages are not allowed.
(iv) Lead time is Zero.
lanning horizon is in

finite and the inventory system involves only one item

(v) The inventory p
and one stocking point,
(vij Onlya single order will be placed at the beginning of each and the entire lot is delivered in

one batch.

The inventory carrying cost, Cy me, the ordering cost, C per

(vii) per unit quantity per unit ti
constant.

order are known and
Q, the ordering quantity per ¢

(viii) T be the cycle Jength and ycle.
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i1 of item at ime 1= 0. This Moy,
tof Qun

' ise purchases an amoun , the stock level reaches 19 2e1g 4
Let us assume that an enterprise p Ultimately,

" 'S demﬂnd.
will be depleted to met up the customer's the Fig. - 1.
time t = T. The inventory situation is shown In

Clearly, 0=DT

(h

I
i OB = C " (“ T =
. 1’1‘iscl><(art3f:1*0fAA ) =Gy 2Q)
Néw the inventory carrying cost for the entire cycle

L C10T and the ordering cost for the said cycle T is Cy.
2

O —>
2 —p

A =1 t=2T  Time
Fig. -1
Hence the total cost for time T is given by

0 [romor.r.g

The optimum value of O which.

Minimizes C(Q) js Obtained py cquating the fipt gk
With respect tg Qto zero, - , ; Il

o)

vative of C((Q)
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1.6 =0
or, O = 20 D
7 C!
sain, LC@ _2CD . [1CD
_ sz 0 "‘E]—— which is + ve for Q 239
] -- . . Cl
Hence C(Q) 1s minimum for which the optimum value of Q i
| ‘ is
Q 26,0
Cu A3)

This is known as ec i : '
onomic lot size formula or EOQ formula. The corresponding optimum time

interval is T~ ==—= 2,
D C.D

. e 2402 N QPR
and the minimum cost per unit time is given by C,, = ——5—— + - CQ =42CCD.

This model was first developed by Ford Harris of the Westing House Corporation, USA, in the

1915. He derived the well-known classical lot 51ze formula (3). This formula was also

year
named as Harris — Wilson

developed independently by R H. Wilson after few years and it has'been

formula.

Remark :
1 : ' : e
(i) The total inventory time units for the entire cycle Tis E OT, so the average inventory at any fime 1S

l

2 - . -
ious that the inventory carrying cost 15 a linear function

ts are lower. In

i) Since C; > 0 from f10) = % €19 it is obvi
: 1 7 11 cos
of O with a + ve slope i.c., for smaller average inventory, the inventory carrying

creases.
ntrast, g(Q) = -—-"él-)- i .. ordering cost increases as 0 de
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5 ; g - }££:. ll;en i
and as buffer stock ’
- . B on han
I del, if we always maintain an inventory g
- , o i e
(i) In the above model,

., the total cost per unit gipy,. i
o] Therefore,

¢ inventory al any time is 7O+8 .

iverage . 5

! g AP
@ =-0+B|C+C =
¢(Q) (2 Q J *65
lows:
As before, we obtain the optimal values of Q and T as follo

2C.
. 2CJD T oY
O=0 =1ﬂ Z and T=T" = XDC, | |

tv) In the above model,

4 is the purchase cost e un;
if the ordering cost is taken as C 3 + b0 (where b is the p as Per upjj
quantity) instead of fixed orderin

8 cost then there is no change in the optimum order Wiy,
Proof : In this case, the average

cost is given by
1 D .
CD=-co+ =(C +50) (4)
2 0
Jlic necessary condition for the optimum of C(Q) in (4), we have
C(@)=0 implies Q0= —2%9 and C"(0) > 0.
. . 1
Hence O Z?g?_
G

La1s shows that there is no change in Q  in spite of change in the ordering cost
Example 1

Si!lgk




nd |

ost

[pventory carrying cost = interest ¢ : :
In st costs + Deterioration and Obsolence costs + Stora
: ge costs

1000

0.06 +0.004 + i
( 5000 rupees per unit per year = Rs. 0.264 per unit per year

‘Hence the economic order quantity is given by

26D _ J’lesooxsooo
=0 ¢ N- o2ea - orslapprex)

Also, the minimum average cost is

J2C,C,D = Rs 2% 0.264x1500x 5000 = Rs.1989.97(4pprox.)

O 6.1.2_Manufacturing model with no shortages or economic lot-size model with finite rate of

- replenishment and without shortage (Model —2) 2¢ 13

S

In this model, we shall derive the formula for the optimum production quantity per cycle of 2
single product so as to minimize the total average cost under the following assumptions and notations:
(i) Demand is deterministic and uniform at a rate D unit of quantity per unit time.
(i) Shortages are not allowed.
(iiiy Lead time is zero.

(iv) The production rate or replenishment rate is finite, say, K units per unit time (K> D).

(v) The production — inventory planning horizon is mﬁmte and the production system involves

only item and one stocking point.
(vi) The inventory carrying cost, Cj per unit quantity per unit time, the setup cost, C3 P8
production cycle are known and constant.

. (vi_i) _Tbe the cycle length and O, the ecqnomic lot size.



A
KD
D
S :
O tt—> M<—t—>B g

Fig. -2

a ” ) - * 1 : ! ! e e
In this model, each production cycle time 7 consists of two parts 7 and 1, wher

(1) 1, is the period during which the stock is growing up a constant rate X — D umts per unit time,
(ii) t 2 isthe period during which there is no replenishment (or production) but inventory is decreasing
at the rate of D units per unit time.

Further, it is assumed that § s the stock available at the end of time ¢ 7 Which is expected tq be
consumed during the remaining period I at the consumption rate D.

Therefore, (X — D)t ] =5

S
h=———

on g | (5)
Since the total quantity produced during the production period tyis Q,

Q = Kf]

A} ks K-D
or, ¢=K—— which imp] §S=—=
Q = mplies i (6)

Again, 0 = DT e, T =%

Now the inventory carrying cost for the entire cycle T s ( AOAB) C = :JI-TSC,

and the setup cost for time period T is Cs.

Therefore, the total cost for the entire cycle T js givenby Y = & +—]-C ST
3 |
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Therefore the total average cost is givenby C @)= X

- G )
O,C =—3‘—+._
r, C@Q=7+5GS

CD 1 _K-D ;
@) =——+=C,—=0 |-
or, (Q). -8 B 1‘“_5 0 [ O =DT and S:!f_;?L_)Q] _
The optinium of Q which minimizes C i

(Q) is obtai : -
respect to Q to zero Q)‘ 7 tained by equating the first derivative of C(Q) with

' e, —=0
1 40
D 1 -
b~ B
or 2" K
or, 0= _2_C_,,_ DK
. d*C 20D | 2C
Again, — =—>— =+ ve quantity for 0= —3——}')5—
o> @’ e 2 € EK~D
Hence C(Q) is minimum for which the optimum value of Q is
. [C, DK
Q= C, ' K-D (9)

The corresponding time interval is

.0 20K
T o [T (10
D \CD(-D) )

and the minimum average cost is given by

| KD v . GO \[ K-D
o et X2 eg = I ED—— (11)
min 2 K .'IQ Q =3 A
Remark:
(i) For this model, Q ", 1" and Cppin a0 be written in the following form :
0= [26D_ ! I = \[29______‘ (12)
c 1-DIK’ DC 1-D/K
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reduces 1o Model — 1. Therefore, “*mnyk

; ; del
el ion rate is infinite, this mo :
. IfK =  i.e., the production rate i ind Cppin of Model ~ 1.

Q‘ T‘
ions for Q .

th Q* T* and Cpmin reduce to the expressions

— o, then Q ,

: odel —3)
O 6.1.3 Pufchasing inventory model with shortages (M

. . . ost under g
inimum average ¢ ’

In this model, we shall derive the optimal order level and the m .

following assumptions and notations: o e

. - u

M () Demand is deterministic and uniform at a rate D unit of q _

fon is i i i is infinite).

(ii) - Production is instantaneous (i.e., production rate is infinite)

(i) Shortages are allowed and'fully backlogged.
(iv) Lead time is zero,

g i s only one i
(V) The inventory planning horizon js infinite and the inventory system involves only one ite
and one stocking point,

(vi) Only a single order will be placed at the beginning of each cycle and the entire lot s
delivered in one batch.

(vii) The inventory carrying cost, Cy per unit quantity per unit time, the shortage cost, Cz Per unit |

quantity per unit time, the ordering cost, C4 per order are known and constant,

'iif - (viii) O be the lot-size per cycle where as S, is the initial inventory level after fulfilling the
I : g

backlogged quantity of previous cycle and Q -S] be the maximum shortage level.

(ix) To be the cycle length or scheduling period whereas 1y be the no shortage period.

ix), we have Q=DT.
Regarding the cycle length or scheduling period of the inventory sy
Case-1 : Cycle length or scheduling period T jg con "

According to the assumptions of (viii) and (

Slem, two cageg may arise:

stant, "
Case-2: Cycle length or scheduling period T is 4 variable, - avenf
Case~1: In this case, T is constant i e nventory is to be replenisheq after every time ;;eﬁo dT e wﬂhﬁ
iy 7Yy
be the noshortage period, 8= Dtl, ont; = Sl/ D :
Ve s
Now, the 1ventory carrying cost during the perjod ¢ tot) is . ot %
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i.ﬁ]

C; (Area of AOAB)‘“‘}-C N
21 u~50ﬁgm

/@

Time

Q-s, \\\J i

Fig. -3

04 A
i ""“9\
& T—mm>

Again the shortage cost during the interval (t{, T) is

0€<— —|C

: 1

C:)- {Q'Sl]2m ['.'T—flz%i}

=

!
2

Hence the tota) average cost of the system is given by

(1.8 1,.@-8)
Lz{-g-L+ﬂC;:#J—IT \
i | D s T D } (3)

| = -
b

Gine the set-up cost Cg and time period T are constant, the average set-up cost C4/T also being

constant will not be considered in the cosl Expression.
Since T is constant, Q = DT is also constant. Hence the above expression i.e., the expression for
wersge cost is & function of single variable Sy. S0, We cal casily minimize the above expression (13)

with respect 10 8 like Model - 1.

s this ¢ e’ .0 C,DT and €. = EE,Q_ _ (.,L,DI_ 3 (14)
. - e~ - —-A—--——----—‘-- 3 " Ak & - 3 "‘_
J{" L T e o G C,+C, C,+C, ?



: ariable. Like
) riod Tisa variable
Case - 2 : In this case, cyele lcngth or scheduhng pe
ase - 2 ase, €)
of the in\'cntnry system will be

s le 8L 1. @80
--\: \‘ L ‘\____‘.I____C_I__..._.__._..
( [L,+2(;D 55—

-where Q = DT

; ; : i Tand S;.
Here, the average cost Cis a function of two independent variables 1

- Now, for optimal value of C, we have

oC oC
=0 and —=0
as, oT

cC

Now, -9 =0 gives Sy=C, DT
%y (C+Cy)
- Again, %:0 gives __EL§11_,+C1 DT"'Sl ___C_';_(DT_SI)I C3
0

Y T 20 12 p2°
Putting §, =, __ DT

- G s
m 1n above and Simplifying, we have

T=T"= 2C3(C‘ +C

2 2
§~(;:>0, 'S

2 2 2
¢ orz > Oand ig,ig-( o°C ]

for Minimum ¢qg IS given by
0 =y sy , CJ(C,+CZ) _ ZCJ(C1+C2)D
CC,D Ce,
sl 6. 2CIC3C3D
€ +c))
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Case - 1, the average coy

(15)

(16)

a7

(18a)

(18b) .

19) -

(20)




Rerﬂﬂ"k
(i) IfCp 2@ and Cy > 0, inventories are prohibited, In this case S, = 0 and each lot-size

2C.D .
Q' 5 3 1s used to fill the backorders.

2

i

ZCfD and each

(ii) - If Co—> ®© and Cy > 0, then shortages are prohibited. In this case, S; =0 =

batch Q* is used entirely for inventory.
(ii) If shortage costs are negligible, then C; > 0 and C, — 0.
n this case, S, — 0 and Q" 5 .

(iv) If the inventory carrying costs are negligible, then C; — 0 and C > 0. In this case, Q* — o and

2 . . * . i
S, »>oie, S, = O . Thus, due to very small inventory carrying costs, large lot size should be

ordered and used to meet up the future demand.
Ci 1

_ (Wen the inventory carrying costs and shortage costs are equal i.e., when C; = Co, C+C 2
1 2

C,D
In this case, Q \/_ which shows that the lot-size is 2 times of the lot-size of Model-l

Example~2 : ,}Mg

The demand for an 1tem is 18000 units per year. The inventory carrying cost is Rs. 1.20 per unit time

and the cost of shortage is Rs. 5.00. The ordering cost is Rs. 400.00. Assmmng that the replenishment

rte is instantaneous, determine the optimum order quantity, shortage quantity, cycle length.

Solution : For the problem, it is given that demand (D) = 1800 units per year, carrying cost (C1) = Rs.

120 per unit, shortage cost (C,) = Rs. 5.00, ordering cost (Cq) = Rs. 400 per order.

The optimum order quantity Q* is given by

Q‘=\/2_‘33(C. +G)D =\F 40012+ X180 _ 355 7unit
il 1.2%35




c.D

57 |-205
Again; the optimum shortage quantity Q0 - S, = 38 G & C,)

'3857_\/2x5x400x18000 — 746 units (Approx.)

1.2x(1.2+5)

. " 3R87 OX.
Optimal cycle length T° = g =——=0.214 year (Approx.)

D 18000

Example-3:

: . : it is equal to 600 units per yea; |
I'he demand for an item is deterministic and constant over time and it is eq

The unit cost of the item is Rs. 50.00 while the cost of placing an order is Rs. 100',00' e im.’emory
carrying cost is 20% of the unit cost of the item and the shortage cost per month is Re. 1. Find the
optimal ordering quantity, If shortages are not allowed, what would be the loss of the company?
Solution: It is given that D = 600 units/ year

'} =20% of Rs. 50.00 = Rs. 10.00

C~=Re 1.00 per month L.e., Rs. 12,00 per year

C3 =Rs. 100.00 per order

When shortages are allowed, the optimal ordering quantit

PC(C +C)
Q = Sl $4,)0 =148 units

1” Cr CJ‘

and the minimum cost per year i C(Q') = VZCG,CDIC, + C,) =Rs. 809.04

if shonages

y Q* 1s given by

are not allowed, then the optimal order quantity is

and the relevant average cost js givenby C(0")= Rs.\2C,C,D = Rs. 1095 44

Therefore, if shortages are not allowed, the loss of the company

286,30

Will be Rs. (109 44 . 809.04) ie., Rs.

124
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anufacturing model wi
wit ] .
h shortage or Economic lot-size model with finize rete of
G

0 6.1.4
_repk"i’hmcm and shortages (Model-4)

1, we shall derive the
formula for the optimum production quantity, shorage quantity 25¢

[n this model,
der e

ength of a single prod
cycle | gth 8i¢ product by minimizing the average cost of the production system un

following assumptions and notations:
roduc
Thep tion rate or replemshment rate is finite, say K units per unit time (K> D).

(i)
(i)

The production — inventory pl
ann : :
ry planning horizon is infinite and the production system involves

only one item and one stocking point.

and item i inisti i
Demand of the item is deterministic and uniform at a rate D unit of quantity per unit time.

(iii)
(iv) Shortages are allowed.

) Lead time is zero.
ge cost, C, per unit

(vi) The inventory carrying cost, C; per unit quantity per unit time, the shorta
er unit time and the set up cost, C3 per set up ar¢ known and constant.

éuantity p

K-D

7

0 <t N
D

Fig.- 4 E

ystem 1.6, T be the interval between production cycle.

(vii) T be the cycle Jength of the s

(viii) Q be the economic lot-size:
125



Lol us assume thi each production cyele

PWD et wrd  CRPRTE ) 4
Fiength T consists of two pat !EE ey TR Wy
Q0 i ’
' “1s building up at s constam s K f)
' - ore (1) inventory o
1 ubdivi 1, 15 and , where {
further subdivided o ¥ and R AR i

: Juction is slopped
i) at time 1 = 1y, the production
MDILS per unit time during the interval [0, ). (i) at time 1 e G o
level decreases dye 10 meet up the customer's demand

f .

only upto the time 1 = 1) * 1, {iii) hlwﬁui{r;

' . P - me t, i.e.
dccumulated ap 4 constant rate of Units per unit time during the tim 3
ljy + !’;]

1) (iv) Shortages are being filled up immediately
during the time Yie, during the ip

» during the interyy 11!2‘_

al a constant rate K — D unis per uni lime
terval t;, + 13: t34]. (v) The production cycle then repe

als itse)q
after the time T

=1 Yhth 4,
Again, let the inve'ntory leve] is Syatt = 4 and at the end of time t = 4

T 1, the stock leve|
su

to zero, Now shorlages start and Sz at time ¢t <

o+t +itg+ t4. The Pictorig|

Ind the optimaq| value of Q, Sy, S,,
Minimum average totg] cost,

t[, tz, t3. t4 and T \Vith [he
Now the inventory Carrying cogt over the time peri

od T is given by
- 1
C.=C x AOAC = C_‘,.—2—OC.AB =5C (1 +1,)S,
and the shortage ¢ogt OVver time T ig glven by
1
Cs=C,x ACEF = Cz.-z-CF.EH = —?_-C';,(t‘3 +1,)8
Hence the 1otal average ¢y of the production,system 1S glven by
'C:[C3+C,,+C']/T | @
From Fjg _ 4, 1tis clear fhy S =(K =D)t, o, S |
K-p - (22
Again, S, = D, o, t, = By
| D (23)
Now, i stock-out situation, S, = Dy, or, ¢, =§A
D
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| For these values of O and Sy g1ve

L]
!

S,

—_—

-D)t .
5= (K )4 i K.—D

o the e total quantlty produced over the time period T'is O,
0= pT where D is the demand rate

of, D(t +t2+t3+t4) 0

: 5 8 8. 6
D . I =
il e T -

we have S, +3S, —_-_K_____Q

simplification,
K -

After

Again,'f,+!2‘=-—-—-]-<———‘-5', and 1;+1, .-=___IS_---S
2~ p(K-D) D(K - D) 2

Now substifuting the values of t] T2, 13
1 K DC
C(QsSpSz) = -{Qdﬂ(CISI + CzSi ) +—él

Using (26), the above reduces to

x [ .(k-D x| DG
'(QSz) ZQK D{C( K Q_”'SE] +Czsz}+"'é'"

Now, for the extreme values of C(Q, Sz), we have

k-b €

___,_._.--——

pom 1mplles 8, =C——0 R

2Y

o 0 : 2C,(C,+G) ’ KD
_= = ,_._..:.i-—--l'-"—'"_—. ——
P 0 gives O G, XD

Again,
2

nin(31) and (30), 1t ¢

¢'C o 2 foii 3'C
=30, __.C_>0 and _‘?__C.’;_ ?_.g--(__-—-} >0
a5, 8005,

o st o
tience C(Q, S,) i minimum and the optimal yalues of 0

(24)

(25)

(26)

@7

+tyand T=Q/Din (21), we have

(28)

(29)

(30)

(31

an easily be verified that

and S, aré given by
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_ - | 3y
.- I +6) -ﬂ% hE
LJ = ....-.--—-(TI(_‘,: }‘t = )

. ' (33
and 3 = \]m * S (34)
@ 2C]<C.+Cz)\f- 5
"= cc  \Dk- _
o 2C2C3 D(K—D) (35)
SE:TQ ) =J;|(CI+C2) £
_ 36)
' —eter . [ICCG JD(I\ L | (
NO“ Cmm —-C(Q ,Sz)"J C] +C2 K

Remarks:

() Inthis model, if we assume that the production rate is infinite i.e., X =0, then fhe

Optimy
quantities by taking K —w in (32), (34) and (36) are
Q-z\FT 911}_’) T'z\j—“&%ﬁ andein=ﬁ%%—g';12 !
This means that Model - 4 reduces (o Model — 3 if K —.->oo. b
(i) If shortages are not allowed in Mode] - 4, then it reduces to Mode] — 3. In this case, takip ]
Cr > win3y, (34) and (36) we obtain the required expressiong of model - 3 whicp i l
follows ;
- i
0 - \[%_)’ gt _ (35%3 and ¢, - [2GCDE D)
Iz
‘Eﬁaéple -4




 Opinyy l-

Solution:
For this problem, it is given that

{8000 units per year i.e., 1500 units per month

Fo
The opfimum manufacturing quantity Q* is given by

2C,(C,+C,) | KD _JZxS_OOx(O.lSJrEO)\j3000x1500 .
\‘ cc, VK-D 0.15%20 30001500 Y AR,

The optimum shortage quantity is given by

K-D Q I
=C,—— =17 unit :
X (C+C) s (approx.)
. . » 4 489
Manufacturing time = = = AL =1.5 months and the time between setups ) = ———tl} S?) 0

K 3000

=Rs. 0.15 per month, C, = _
th, 2 = Rs. 20 per month, C3 =Rs. 500.00 per setup. K = 3000 per month, 1)

=73 months.




