Problems on Numerical Sequences

Problems on monotone sequences

1.

10.

11.
12.

. For a fixed positive number « and fixed natural number p, if u; > /o, and u,41 = & 1un +

. For a fixed positive number «, if u; > /o, and up411 =

Show that the sequence {u,} defined by u; = 0, ug = Lt = %(1 + up +ud_1), n € N converges and

2
determine its limit.
o %ugp"rl’ nec N,
then describe the behaviour of {u,}.
a+un
1+un?

n € N, then check the monotonicity of {ug,,}
and {ug;,—1}. Also check the convergence of {uy}.

n/artar+ay+...+ap

Let a1, as, ..., ap be fixed positive numbers. Consider the sequence {u,} by u, = \/ > ,neN.

Show that {u,} is monotone increasing.

. Let f, g be continuous and positive functions defined on [0, 1]. Suppose that fo x)dr = fo x)dx and for

1 (f(@)"+t

every integer n > 0, define y, = [, de Check the monotonicity of y,.

if {u,} be a bounded sequence such that u,+1 > up —
Check the convergence of the sequence {uy}, where

(4) un:—2f+(1+f+ A+ )
(i) un = =2v/n+ 1+ (1+ o5 + ...+ 7=).
For ¢ > 2, define {uyn} by u1 = ¢® and up41 = (un — ¢)?, n € N. Show that {u,} is strictly increasing.

5=, n € N. Show that {u,} is convergent.

. Let a be arbitrarily fixed and let ¢ be defined as follows: u; € R and u, 1 = u2 + (1 — 2a)u, + a?, n € N.

Determine all u; such that the sequence {u,} converges and in such a case find limit of {u,,}.

Show the convergence and find the limit of the sequence {u,,}, where u,, = ;ntll (2+ % +..+2) neN

—2\"
n

= —. Find lim w,.

Let {uy,} be a sequence of real numbers such that lim
5 n—00

n—oo

Find the limit of the sequence {u,}, where

(i) un = (V2 V2)(V2 ~ ¥2)...(v2 ~ V)

(44) un:(ﬁ‘Fﬁ—f—ﬁ‘m)
(#1) = 1 1'+2.2!(47rl?j3')4!r +n.n!
(U) Uy = a-&-aa-&-aaa-{—.i.(;l’—la...a(ntz‘mes)’ where a € {1’ 2, ’9}

(i) tup = 2 [(n+ D)(n+2)...(n+n)] "

Problems on limit point, limit superior, limit infirior

1.

Determine the set of all limit points, limit superior, limit inferior of {u,}, where
(i) un = 2= — (3]

(i1) up = n(=D""
(#i1) u, = na — [nal, where « is real
(iv) u, = sin(nma), where « is real

(0) un = (1 4+ Eyn 4 i (n)

U2m—1

. Find the upper and lower limit of the sequence {u,}, defined by u; = 0, ugy, = = Ugmt1 = % + U9,

2

. For any two sequences {u,} and {v,}, prove that

lim inf(u,) + hm inf(v,) < hm inf(up + (vg) < le inf(uy) + ILm sup(vy,)

n—oo
< lim sup(up + vy,) < lim sup(u,) + lim sup(vy,)
n—oo n—o0 n—o0

excluding the indeterminate forms of type co — co. What happen if the additions in above inequalities are
replaced by multiplication?

. Prove that for any positive sequence {u,},

lim inf( tn

n—oo n

Ly < li_)m inf(Yu,) < li_)m sup({/u,) < lim sup(um—l)

— 00 Un

. For any two sequences {u,} and {v,}, prove that

lim sup(maz{un,v,}) = maz{ lim sup(u,), lim sup(v,)}
n—oo n—oo n—oo



10.

11.

and
nh_)rrolo inf(maz{un,v,}) = maw{nh_{go ’mf(un),nh_{glo inf(vn)}

Are the above results also holds for minimum? Justify.

Prove that every bounded sequence of real numbers contains a convergent sub-sequence.

Let {u,} be a sequence of real numbers. Then {u,,} is convergent if and only if li_>m inf(uy) = li_>m sup(uy) =
n—oo n oo

lim (u,) and these are finite.
n—oo

. What relation, if any, can you state for the limit superior and limit inferior of a sequence {u,} and one of

its sub-sequences {uy,, }?

. If a sequence {u,} has no convergent sub-sequences, what can you state about the limit superior and limit

inferior of the sequence?

Let S denote the set of all real numbers ¢t with the property that some subsequence of a given sequence
{un} converges to t. What is the relation between the set S and the limit superior and limit inferior of the
sequence {uy,} 7

For any sequence {u,}, write s,, = “+%2tedtn “Show that

lim inf(u,) < hm mf(sn) < hm sup(sy,) < hm sup(un,)

n—o0

Give an example to show that each of these inequalities may be strict.

Problems on Cauchy sequences

1.

@

. Show that if hm Uy = [, then lim

Define Cauchy sequences. Prove that a real sequence is convergent if and only if it is a Cauchy sequence.
Show also that every subsequence of a Cauchy sequence is Cauchy.

State and prove the necessary and sufficient condition for the convergence of a real sequence.

Show that any multiple of a Cauchy sequence is again a Cauchy sequence.

Prove or disprove that if for a sequence {u,}, for all € > 0 there exists an integer N with the property that
| Unt1 — up |< €, whenever n > N, then the sequence is Cauchy sequence.

. What can you conclude about the sequence {u,}, if there exists € > 0 be such that for all positive integer

N with the property that | u,, —u, |< €, whenever m,n > N.

Uy +us + ... +u
! 2 " — . Is the converse true?

n—o0 n
. —1). ..+ 1. l
Show that if 11m Uy = [, then lim nun + (n ) QUQ tot s = —. Is the converse true?
n—oo n 2

8. Show that if hm Uy, = [, then hm Yujusg...u, = l. Is the converse true?

10.
11.

12.
13.

14.

. For a positive sequence {u,}, show that if lim

n—oo

1
Gntl _ [, then lim /u, =I[. Is the converse true?
n—00 Uy n—o00

U1 Vp + UVp—1 + ... + URVL

Let lim u, = u and hm v, = v. Show that lim =uv
n—o00 n—o00 n
Find the limit of the sequence {un} where
n r n
1
(1) un = %t Z %7 where a > 1 (i) u,, = k+1 Z , where k € N. (ii7) up, ﬁ — where
r=1 =0 =0
n
1+ Z r.a” n—1

- A

a>1(w)u, = 7:;7,&1 where a > 1 ( = f Z when {an} converges to a. (vi) u, = Z ’;Tr,

r—=
n

when {a,} converges to a. (vii) u, = Z %, when {a,} converges to a. (viii) u, = %, ke N. (ix)
Up = A (Zk), when k be a fixed integer greater than 1. (x) u, = nx(alag...an)%, when {n”a,} converges to
a for some real z.

U
Prove that if {u,} is a sequence for which hm (un+1 — up) = u, then prove that h_>m - = .
mn oo N

Suppose {u,} be such that the sequence {vn} with v, = 2u, + u,_1, n > 2, converges to v. Study the
convergence of {uy}.

1 1
Calculate (7) li_>m (nle — [nle]) (i1) lim nsin(2wnle). (7i7) lim sin <<2n7r + 2> sin <2n7r + >>
n— 00 n

n—00 n—oo nm

. . AN km - (n— 1
(iv) Jim 2 <k> sin <:U + > v n_woz —9)




