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End Semester Examination of Semester-I, 2015
Subject : MATHEMATICS (PG)
Paper : MTM-102 (Linear Algebra)
Full Marks : 40
Time : 2 Hrs

The figures in the margin indicate the marks
' corresponding to the question

Candidates are requested to give their answers
in their own word as far as practicable.

Tllustrate the answers wherever necessary

Group A

Answer amy two questions : 10x2=20.

1. a) LetT:U — V be a linear transformation. Show that
T is nonsingular if and only if it takes linearly
independent sets into linearly independent sets. 6

b) Let E be a projection operator on V.
Show that if E # I, then E is singular. 4

2. a) Let U and V be vector spaces over a field F. Show
that L (U, V) is isomorphic to Mpy,(F) where m =
dimV and n = dimU. 7

b) Let V be a vector space over F of dimension n. Shqw
that any TeL(V) satisfies some non-trivial polynomial
geF[x] of degree at most n2. 3




3. a) Find all possible Jordan forms of a matrix A with
characteristics and minimal polynomials given by
Ap(X) = (x ~ 2)* (x — 3)? and m(x) = (x — 2)? (x — 3)%
6
b) Consider the operator TeL(R3) given by T(X, ¥, 2) =
(9% + y, 9y, 7z). Is T diagonalizable? Justify your
answer. - 4
4. a) Let |.| be a norm on R For a matrix AeM,(R),
define “A“ = sup “ﬁ"
Show that I-|lx is 2 norm on My(R). 5
b) Let x;; X5, ..., X, form an orthonormal set in a real
inner product space. Show that
Z(}leI Z|a
i=1
Where o, o, ...., 0 are real scalars. 5
Group B
Answer any two questions : 6x2=12

(2)

5. Consider the operators T : R? — R? defined by T(x, v, z)

= (2x, 4x — ¥, 2x + 3y — z). Show that T is invertible.
Find a formula for T-!. - 3+3




(3)

6. Let V be a finite dimensional vector space. Let TeL(V)
and the characteristics polynomial A7(x) be a product of
linear factors. Prove that T is diagonalizable. 6

7. a) What do you mean by minimal polynomial of a linear
operator on a finite dimensional vector space V? 2

b) Let TeL(V) and A be an eigen value of T. Let V=
{veV : v is an eigen vector corresponding to A}. Show
that V, = Ker(AI — T). 4

8. a) Show that (A, B) = tr(B*A) is an inner product on
M,©). | . 3,

b) Find an orthonormal basis of the subspace of R* spanned
by 2,-1,0, 1), (6, 1,4, -5) and (4, 1, 3, — 4) 3

Group C
Answer any four questions : ' 4x2=8

9. LetT:R3 — R2 be defined by T(x, y, z) = (x +y, 2z — X).
Find the matrix of T relative to the standard bases for R? and

R2.

10. Let {£;} be the standard basis for IR3, and consider the basis
f=(1,1,1),%=(,10 andf; = (1,0, 0). Find the
transition matrix P from {{} to {f}.

11. Find all possible norms on R%.




13.

14.

15.

16.

(4)

. When is ||x||=iocj Ix il a norm on R"? Justify your answer.
=1

Show that an inner product space is a metric space.

Suppose TeL(V) and dim V =n. Suppose T has n linearly
independent eigen-vectors. What can you say about the
matrix representation of T?

If S, T be two linear operators on the vector space V(F)
such that ST — TS = I, then show that ST2 — T2S = 2T.

Show that the matrix (1 2) is not diagonalizable.
01



